Previously, many people have studied a stability of vector bundles of given rank and Chern classes on algebraic varieties. Recently, we are interested in the slope stability of the rank 2 Lazarsfeld-Mukai bundle E C,Z on a K3 surface X associated to a very ample smooth curve C on X and a base point free pencil Z on C with respect to O X (C). In this paper, we will give a sufficient condition for such a Lazarsfeld-Mukai bundle E C,Z to be O X (C)-slope semistable by ACM line bundles with respect to O X (C).
Introduction
The study of the Gieseker (or slope) stability and the notion of arithmetically Cohen-Macaulay (ACM for short) of vector bundles with respect to a given very ample line bundle on algebraic varieties is a very active topic in algebraic geometry. Recently, several authors have studied about the Gieseker stability of ACM bundles (that is, vector bundles with no intermediate cohomology). For example, Marta Casanellas and Robin Hartshorne ([C-H] ) have proved the existence of stable Ulrich bundles of given rank and Chern classes on smooth cubic surfaces in P 3 and investigated the structure of the moduli space of them. Emre Coskun, Rajesh S. Kulkarni and Yusuf Mustopa ([C-K-M] ) have proved that all smooth quartic surfaces in P 3 admit a 14-dimensional family of simple Ulrich bundles of rank 2 with c 1 = 3H and c 2 = 14, where H is the very ample line bundle given by a hyperplane section. However, in general, it is difficult to investigate the stability of ACM bundles with respect to a given polarization.
In this paper, we will focus on the slope stability of a Lazarsfeld-Mukai bundle on a K3 surface with respect to the first Chern class of it. Let X be a K3 surface, C be a smooth curve on X, and Z be a base point free line bundle on C. Then, the Lazarsfeld-Mukai bundle E C,Z associated to C and Z is defined as the dual of the kernel of the evaluation map associated to the space of the global sections of Z, and satisfies h 1 (E C,Z ) = h 2 (E C,Z ) = 0. In particular, we can easily see that if C is very ample and |Z| is a pencil, that is, E C,Z is rank 2, then it is ACM with respect to O X (C) (see Lemma 5.2). Therefore, we are interested in the O X (C)-slope stability of such a Lazarsfeld-Mukai bundle E C,Z . As a previous result about the case where E C,Z is rank 2, Margherita Lelli Chiesa ( [LC] ) have proved that if C is a ⌊ g+3 2 ⌋-gonal curve of genus g and Clifford dimension one and d = deg(Z) satisfies ρ(g, 1, d) = 2d − g − 2 > 0, then E C,Z is slope stable with respect to O X (C). However, in other cases, there is no concrete description in terms of the condition for E C,Z to be O X (C)-slope stable. In this paper, we will show that if E C,Z is not slope semistable with respect to O X (C), the maximal destabilizing sheaf of it contains an initialized and ACM line bundle with respect to O X (C) to give a sufficient condition for E C,Z to be O X (C)-slope semistable, and give some examples of it.
Our plan of this paper is as follows: In Section 2, we recall some fundamental results about linear systems on K3 surfaces. In Section 3, we recall some basic notions and results about the Clifford index of a smooth curve on a K3 surface. In Section 4, we recall the notion of the slope (semi)stability of vector bundles and ACM bundles, and prepare a proposition to prove our main result. In section 5, we recall the properties of Lazarsfeld-Mukai bundles. In Section 6, we give our main result and some examples of it.
Notations and Conventions. We work over the complex number field C. A surface and a curve are smooth projective. A K3 surface is a regular surface whose canonical line bundle is trivial.
For a curve C, we denote by K C the canonical line bundle of C. We denote by g r d a linear system of dimension r and degree d. For a line bundle Z on a curve C, we denote by |Z| the linear system defined by Z. A curve C is called k-gonal if C has a g 1 k but no g 1 k−1 . In particular, a 2-gonal curve is called hyperelliptic. If a curve C is k-gonal, then g 1 k is base point free and complete. Note that if C is a very ample curve on a K3 surface, C is not hyperelliptic (see [SD] , Theorem 5.2). For a line bundle Z on a curve C, the Clifford index of Z is defined as follows;
Moreover, the Clifford index of C is defined as follows;
It is well known that one gets 0 ≤ Cliff(C) ≤ ⌊ g−1 2
⌋ from Brill-Noether theory (cf, [A-C-G-H, V] ). Moreover, if a curve C of genus g ≥ 2 is k-gonal, then the following inequality holds (cf. [C-M] ).
A k-gonal curve C satisfying k = Cliff(C) + 3 is called an exceptional curve.
For two divisors D 1 and D 2 on a surface, we will write D 1 ∼ D 2 if they are linearly equivalent. For a torsion free sheaf E, we denote by E ∨ the dual of E. A vector bundle E is called simple if Hom(E, E) ∼ = C.
Linear systems on K3 surfaces
In this section, we recall a few classical results about divisors and line bundles on K3 surfaces.
We can easily see that if the linear system |L| defined by a line bundle L on a K3 surface contains a 1-connected divisor, then h 1 (L) = 0 (for example, see [B-P-V], Corollary 12.3). On the other hand, one has the following characterization of numerical effective divisors and base point free divisors. 
Proposition 2.2 is called a strong Bertini's theorem. Moreover, since the linear system |C| defined by an irreducible curve C on a K3 surface with C 2 > 0 is base point free ( [SD] , Theorem 3.1), one also has the following assertion as a corollary of Proposition 2.2. Proposition 2.3 ( [SD] , Corollary 3.2) Let L be a line bundle on a K3 surface. Then |L| has no base points outside its fixed components.
In particular, a very ample line bundle is not hyperelliptic. Hence, by the characterization of hyperellitic linear systems (cf. [M-M] , and [SD] , Theorem 5.2), we have the following assertion. (i) There is no irreducible curve E such that E 2 = 0 and E.L = 1 or 2.
3 The Clifford index of smooth curves on K3 surfaces
In this section, we recall some results about the Clifford index of curves on K3 surfaces. First of all, we prepare some notations to explain them.
Definition 3.1 Let X be a K3 surface, and let L be a base point free and big line bundle on X. Then let
For a line bundle L as in Definition 3.1 and divisors belonging to A 0 (L), Johnsen and Knutsen showed the following result (cf. [J-K] Proposition 2.6).
(L) such that either |D| or |L − D| is base point free and its general member is an irreducible smooth curve (cf. [J-K] Proposition 2.7).
Theorem 3.1 [G-L] Let X be a K3 surface, and let L be a base point free and big line bundle of sectional genus g on X. Then the Clifford index of the smooth curves of |L| is constant, and for any smooth curve
By Theorem 3.1, the Clifford index of L as in Theorem 3.1 can be defined by the Clifford index of the smooth curves of |L|, and it is denoted by Cliff(L). By the proof of Theorem 3.1, one can choose the divisor D as in Theorem 3.1 so that it is smooth and belongs to A(L). Knutsen proved the following result (cf. [Kn] Lemma 8.3).
Theorem 3.2 Let L be as in Theorem 3.1 and assume that Cliff(L) = c. If
2 ≤ D.L (either of the latter two inequalities being an equality if and only if L ∼ 2D) and
for any smooth curve C ∈ |L|.
By Proposition 3.1, Theorem 3.1, and Theorem 3.2, for a base point free and big line bundle L on a K3 surface of sectional genus g, we have
4 Slope (semi)stability of vector bundles and ACM line bundles on K3 surfaces
In this section, we recall the notion of ACM bundles and the slope (semi)stability of vector bundles with respect to a given polarization on a K3 surface. Let X be a surface, and let H be a very ample line bundle on X which provides a closed embedding in a projective space of higher dimension. Then, we denote the line bundle H ⊗l by O X (l). For a vector bundle E on a surface X, we will write
In particular, for a line bundle on a K3 surface, we have the following assertion.
Proposition 4.1 ( [W] , Lemma 3.1). Assume that X is a K3 surface and let L be a line bundle on X with |L| = ∅. Moreover, let m ∈ N. Then if H.L ≤ mH 2 − 1 and, for any k ∈ Z with 0 ≤ k ≤ m, h 1 (L(−k)) = 0, then L is an ACM line bundle with respect to H.
In Proposition 4.1, we can easily see that if
Note that such a line bundle L is initialized with respect to H, since h 0 (L ⊗ H ∨ ) = 0. Next, we recall the definition and some facts about the slope stability of vector bundles (cf. [HL] and [Sh] ).
Definition 4.3 Let X and H be as above, and let E be a torsion free sheaf on X of rank r. Then the H-slope of E is defined as follows;
It is well known that for a vector bundle E on X and a given polarization H, there is a unique filtration called the Harder-Narasimhan (HN for short) filtration
such that E i is locally free and E i /E i−1 (1 ≤ i ≤ n) are torsion free and µ Hsemistable sheaves with
Moreover, such a filtration satisfies the following inequality
Obviously, if E is not µ H -semistable, then n ≥ 2. The sheaf E 1 is called the maximal destabilizing sheaf of E. Moreover, if a vector bundle E is µ H -semistable, there exists a filtration called a Jordan-Hölder (JH for short) filtration
is a torsion free and µ H -stable sheaf whose slope is equal to µ H (E) for 1 ≤ i ≤ m.
Structures of Lazarsfeld-Mukai bundles
In this section, we recall the definition and some properties of the LazarsfeldMukai bundle associated to a smooth curve on a K3 surface and a base point free line bundle on it, and prepare some lemmas to explain the main result in the next section. Let X be a K3 surface, let C be a smooth curve of genus g ≥ 2 on X, and let Z be a base point free divisor on C. Then, for the evaluation map
we set F C,Z := ker(ev Z,X ) and E C,Z := F ∨ C,Z . Since Z is base point free, F C,Z is a locally free sheaf which fits into the following exact sequence;
Taking the dual of it, we get
The vector bundle E C,Z defined as above is called a Lazarsfeld-Mukai bundle, and has the following properties (for example, see [L1] , [L2] , [P] ).
Proposition 5.1 If E C,Z is the Lazarsfeld-Mukai bundle associated to a smooth curve C of genus g on a K3 surface X and a base point free divisor Z on C of degree d such that dim |Z| = r, then we get the following assertion.
(d) E C,Z is globally generated off the base points of
is globally generated off a finite set. Hence, we have the following assertion.
Proposition 5.2 (proof of [LC] , Lemma 3.2) Let X and E C,Z be as above, and Q be a torsion free sheaf of rank 1 on X. Assume that |K C ⊗ O C (−Z)| = ∅. If there exists a surjective morphism ϕ : E C,Z → Q, then Q ∨∨ is base point free and not trivial.
If E C,Z is rank two, that is, |Z| is a pencil, one can get the following characterization and a more detailed property of it.
Lemma 5.1 ([D-M], Lemma 4.4, and [C-P], Lemma 2.1) If E C,Z is rank 2 and non-simple, then there exist a 0-dimensional subscheme Z ′ in X which is a locally complete intersection and two line bundles M and N on X with h 0 (N), h 0 (M) ≥ 2 such that N is base point free, and E C,Z fits into the following exact sequence;
∅ and E C,Z splits into the direct sum of M and N.
The exact sequence as in Lemma 5.1 is called Donagi-Morrison's extension, and it is uniquely determined (see [A-F] , Lemma 3.2). Hence, E C,Z splits into a direct sum of two line bundles if and only if the Donagi-Morrison's extension associated to E C,Z splits.
Lemma 5.2 Assume that E C,Z is rank 2 and C is very ample as a divisor on X. Then, E C,Z is ACM and initialized with respect to O X (C).
Proof. Let H := O X (C). First of all, we show that E C,Z is ACM with respect to H. Since det(E C,Z ) = H and E C,Z is rank 2, for any l ∈ Z, we have E C,Z (l) ∼ = E ∨ C,Z (l + 1). Hence, we have
Therefore, by Proposition 5.1, it is sufficient to show that, for any l ≥ 1,
Since |Z| is a pencil, we have
and hence, we have
Since C is very ample, we have
Since |Z| is a pencil, Z is not linearly equivalent to K C . Hence, by the same reason as above, we have h 1 (K ⊗l+1 C ⊗ O C (−Z)) = 0. Therefore, we have h 1 (E C,Z (l)) = 0, and hence, E C,Z is ACM. By the way of the construction of E C,Z , we have h 0 (E C,Z ) = 0. Moreover, by the exact sequence
we have h 0 (E C,Z (−1)) = 0. Hence, E C,Z is initialized.
6 Slope semistability of Lazarsfeld-Mukai bundles of rank 2
In this section, we state our main result and give a proof of it. Moreover, we give some examples of it.
Theorem 6.1 Let X be a K3 surface, let C be an ample curve on X, and let Z be a base point free divisor on C such that |Z| is a pencil on C and |K C ⊗O C (−Z)| = ∅. We set H = O X (C). Assume that E C,Z associated to C and Z is not µ Hsemistable. Then E C,Z contains an initialized and ACM line bundle L with respect to H such that L 2 ≥ 2. Moreover, if |Z| is a gonality pencil on C, then the maximal destabilizing sheaf of E C,Z is ACM with respect to H.
Proof.
Assume that E C,Z is not µ H -semistable. Let L 1 be the maximal destabilizing sheaf of it. Since E C,Z /L 1 is a torsion free sheaf, there exists a line bundle L 2 and a 0-dimensional subscheme
is globally generated off the base points of |K C ⊗ O C (−Z)|. Hence, by Proposition 5.2, |L 2 | is base point free and not trivial. We have
− 1 and hence, we have
we have h 1 (L 2 ) = 0. Assume that L 1 is nef. Then, we show that L 1 is initialized and ACM with respect to H. It is sufficient to show that h 1 (L 1 ) = 0, since L 1 ∈ A(H) and h 1 (L 2 ) = 0, by Proposition 4.1. If |L 1 | is base point free, then, by the Bertini's theorem, we have the assertion. Otherwise, by Proposition 2.1, there exists an elliptic curve F and a (−2)-curve Γ such that F.Γ = 1 and L 1 ∼ = O X (kF +Γ) (k ≥ 2), and hence, we have the assertion.
Assume that L 1 is not nef. Let ∆ be the fixed component of |L 1 | and D ∈ |L 1 (−∆)|. We note that since L 2 1 ≥ 2, we have D = 0. Here, we take a (−2)-
is also base point free and big. Let r ≥ 2, and assume that L 2 ( 1≤i≤r−1 Γ i ) is base point free and big, and L 1 (− 1≤i≤r−1 Γ i ) is not nef. Then there exists a (−2)-curve Γ r ⊂ ∆ − 1≤i≤r−1 Γ i such that
Since H is ample, we have
Since L 2 ( 1≤i≤r−1 Γ i ) is base point free, L 2 ( 1≤i≤r Γ i ) is also base point free and big. Therefore, by induction, there exist a finite number of (−2)-curves
is base point free and big, and L 1 (− 1≤i≤n Γ i ) is nef. Here, we setL
Assume thatL 1 2 ≥ 2. Then we show thatL 1 is ACM and initialized with respect to H. It is sufficient to show that h 1 (L 1 ) = h 1 (L 2 ) = 0, sinceL 1 ∈ A(H), by Proposition 4.1. By the Bertini's theorem, the latter equation is trivial. Moreover, the first equation also holds by the same reason as above. Hence, in this case, we have the assertion.
Assume thatL 1 2 = 0. SinceL 1 is nef, by Proposition 2.1, we can easily see that it is base point free. Hence, by Proposition 2.2, there exists an elliptic curve
However, this contradicts to the assumption thatL 1 2 = 0. Hence, we have k ≥ 2.
Here, we note that for any (−2)-curve Γ ⊂ ∆, we have F.Γ ≤ 1. In fact, if there exists a (−2)-curve Γ 0 ⊂ ∆ such that F.Γ 0 ≥ 2, we have the contradiction
If, for any (−2)-curve Γ ⊂ ∆, Γ.F = 0, we have the contradiction L 2 1 = ∆ 2 < 0. Hence, we take a (−2)-curve Γ ⊂ ∆ such that Γ.F = 1. SinceL 1 (Γ) is nef and,
is not nef by Proposition 2.1. Therefore, by the same argument as above,L 2 (−Γ) is base point free and big. Therefore, we have h
is ACM and initialized with respect to H, andL 1 (Γ) 2 ≥ 2. Assume that |Z| is a gonality pencil on C, and let d = deg Z and c = Cliff(C).
By the same reason as above, it is sufficient to show that
H), by Proposition 3.1, the assertion holds. We consider the case where 
However, this contradicts to the assumption that L 2 1 ≥ 2. Hence, we have h 1 (L 1 ) = 0. Therefore, we have the assertion.
By Theorem 6.1, we have a sufficient condition for E C,Z to be µ H -semistable. Here, we give some examples of Lazarsfeld-Mukai bundles which are µ H -semistable.
Proposition 6.1 Let X ⊂ P 3 be a smooth quartic, C ⊂ X be a smooth hyperplane section of X, and let Z be a divisor such that |Z| is a gonality pencil on C (i.e., deg Z = 3). We set H = O X (C). Then, the Lazarsfeld-Mukai bundle with respect to C and Z is µ H -semistable.
Proof. Assume that E C,Z is not µ H -semistable. Let L 1 be the maximal destabilizing sheaf of it. Since E C,Z /L 1 is a torsion free sheaf, E C,Z fits the following exact sequence;
L 2 is a line bundle and Z ′ is a 0-dimensional subscheme in X. Since deg(K C ⊗ O C (−Z)) = 1, by the Riemann-Roch theorem, we have
Therefore, by the proof of Theorem 6.1, we have L 2 2 ≥ 0. Since L 1 is the maximal destabilizing sheaf, we have
However, this contradicts to the ampleness of H. Therefore, E C,Z is µ H -semistable.
In particular, E C,Z as in Proposition 6.1 is µ H -stable. In fact, since E C,Z is µ H -semistable, if it is not µ H -stable, we have a JH-filtration
Since JH 1 (E C,Z ) and E C,Z /JH 1 (E C,Z ) are torsion free, there exist line bundles L, L ′ and 0-dimensional subschemes Z ′ , Z ′′ in X such that
Since E C,Z is globally generated off the base point of 
Hence, E C,Z is µ H -stable.
Proposition 6.2 Let π : X → P 2 be a double covering branched along a smooth sextic. Assume that π * O P 2 (1) is ample. Let H = π * O P 2 (3), let C ∈ |H| be a smooth curve and let Z be a base point free divisor on C such that |Z| is a pencil and |K C ⊗ O C (−Z)| = ∅. If E C,Z associated to C and Z is not µ H -semistable, then there exists a 0-dimensional subscheme Z ′ with 0 ≤ length Z ′ ≤ 3 such that E C,Z fits the following exact sequence;
Proof. Since |Z| is a pencil, we have
Note that since |K C ⊗ O C (−Z)| = ∅, we have deg Z ≤ 10. Assume that E C,Z is not µ H -semistable. Let L 1 be the maximal destabilizing sheaf of E C,Z , and 
